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Abstract — Many applications are based on the analysis of thermoluminescence (TL) glow curves. For these purposes, relatively
simple but credible methods are required. In this paper a new fitting algorithm is presented for determination of the activation
energy and other physical trap parameters from TL peaks. The fitting method was derived directly from the simple model. The
algorithm allows the analysis of a single TL peak, as well as the deconvolution of complex TL curves. Using numerically
generated TL spectra preciseness and stability of the algorithm are studied. The results are compared with the classical fitting
techniques based on the general order kinetics model. It is shown that the novel method is faster and in many cases gives more
reliable results.

INTRODUCTION

Computerised glow curve analysis is widely used for
determining trap parameters from TL
(thermoluminescence) curves as well as for dosimetric
applications(1,2). Numerical fitting of a series of peaks
allows deconvolution of complex TL spectra. The most
popular analytical expression used for these purposes is
the Randall–Wilkins (RW) approximation(3) where TL
intensity J is given by the following equation:

J = xvn0 expS−E
kTD expF−

vn0

b ET

T0

expS−E
kT′D dT′G.

(1)

This solution is known as first order or monomolecular
kinetics. It was found that many observed TL curves
obey this simple equation(4). To include more complex
TL processes, May and Partridge(5) suggested adding an
additional parameter — the kinetic order b. They
assumed that the intensity J is given by simple differen-
tial equation:

J/x = −n· = vnb expS−E
kTD (2)

For b= 1 it is equivalent to the RW solution (Equation
1). Later, the general order (GO) kinetics model was
developed by Chen(6) and other authors. In the above
equations n denotes concentration of charge carriers in
traps, T is the temperature of the sample, k is the Boltz-
mann constant,b is the heating rate and n0 denotes the
initial concentration of charge carriers in traps at the
temperature T0. The GO model has became very popular
in practical applications due to its simplicity and good
description of the shape of TL curves. Nevertheless, it is
also criticised by many authors due to the non-physical
character of the parameter b. The model is physically
justified only in two limiting cases: b= 1 that corre-
sponds to the RW model and b= 2 derived by Garlick
and Gibson(7) (second order or bimolecular kinetics).
Moharil(8) and Opanowicz(9) pointed out that the kinetic

order is usually non-constant during a thermally stimu-
lated process and should not be used for characterisation
of TL. Lewandowski et al(4) suggest using a kinetic
order function instead of the kinetic order constant. It
will be shown in this paper that in some cases the appli-
cation of the GO model gives wrong results with errors
in estimation of the activation energy of more than 50%.

The above arguments lead to a search for other physi-
cally acceptable models. Recently, Mandowski and
Świa̧tek(10) suggested using other equations that can be
written in the form of the ‘corrected initial rise’ method.
It was proved numerically, that the validity of this
approximation is not limited only to an initial part of a
TL peak, but usually covers the whole measurable TL
curve. The first approximation is:

−E
kT(t)

= ln[+(t)]

+ ln H 1
M + 8` − 8(t) F 1

8` − 8(t)
+ L1GJ (3)

+ ln(L2)

where M denotes the concentration of electrons in deep
traps and constants L1 and L2 are defined by

L1 =
B − A

AN + BM
(4)

and

L2 =
AN + BM

vB
(5)

The variables+ and8 are defined as follows:

+(t) ; −m· (t) (6)

8(t) ; Et

0

+(t′)dt′ = m0 − m(t) (7)

where m denotes the concentration of holes in recombi-
nation centres, N denotes the concentration of traps, A
and B denote trapping and recombination coefficients,
respectively, and8` = n0. + and 8 are directly pro-
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portional to the observed TL intensity J and the area
under the TL curve respectively. It can be shown that
Equation 3 is mathematically equivalent to a well-
known quasi-equilibrium (QE) approximation of Kelly
and Bräunlich(11) when deep trap levels are also taken
into account. With all its simplicity and accuracy this
method can be used only to analyse a single, well separ-
ated peak. Moreover, the knowledge of M, L1 and L2

does not allow a direct calculation of the dependence
J(T). Therefore Equation 3 cannot be applied to curve
fitting and deconvolution. In this paper it is shown how
to construct an algorithm, based on Equation 3, that
would be able to calculate J(T) and then to determine
trap parameters by using a curve fitting method.

THEORY

Let us define new normalised variables for the TL
intensity, the peak area and other symbols:

j(t) = +(t)/n0 (8)

u(t) = 8(t)/n0 (9)

r = A/B (10)

h0 = n0/N (11)

m0 = M/n0 (12)

e(t) = expS−
E

kT(t)D (13)

Now, Equation 4 may be written:

j(t) =
ve(t)[m0 + 1 − u(t)][1 − u(t)]
m0 + r/h0 + (1 − r)[1 − u(t)]

(14)

In trying to construct an effective fitting algorithm based
on this equation we are faced with two problems.
Firstly, the number of parameters has to be reduced.
Preferably, the number should not be greater than four
per peak. Secondly, the method of calculating j(t) has
to be fast enough. Best results would be achieved if j(t)
had an analytical form. However, mathematically, Equ-
ation 14 is a non-linear integral equation with respect
to j(t).

To reduce the number of parameters let us rewrite
Equation 14 in the form:

j(t) =
ve(t)[1 − u(t)]

1 − r[1/h0 + 1 − u(t)][m0 + 1 − u(t)]−1 (15)

There are several limiting conditions that can be taken
into account. Here, as an example we will consider the
case of a high concentration of deep traps as compared
to initially trapped charge carriers, i.e.m0 À 1. In this
case the equation reduces to:

j(t) =
v′e(t)[1 − u(t)]

1 + r′u(t)
(16)

where

v′ =
v

1 + r/m0(1/h0 − 1)
(17)

r′ =
r/m0

1 + r/m0(1/h0 − 1)
(18)

Hence, the TL intensity J(t) depends on four parameters:
E, v9, r9 and x. It should be noted that for r9 = 0 the
equation reduces to well known RW (i.e. first order)
approximation. Now, we discuss the method of calcu-
lation of j(t). Assume that the fitting algorithm requires
computation of (kend1 1) values jk = j(tk) for equidistant
time intervalsDt = tk11 2 tk. It is obvious to assume
j0 = 0 and u0 = u (t0) = 0. Then, subsequent values are
calculated from the equation:

jk =
v′ek(1 − uk)

1 + r′uk

(19)

The key point is the method of estimation of uk. Below,
four formulae are suggested:
(i) uk not approximated

uk = uk−1 (20)
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Figure 1. The comparison of the accuracy of computing a TL
curve by using the four methods (Equations 20–24) and Equ-
ation 16. These methods are represented by curves e1, e2 and
e3 respectively. The filled circles (d) represented the most
accurate, last method (Equation 23). To fit on the diagram, the
errors calculated for (i) and (ii) were reduced by a factor of 200
and 5 respectively. The spectra were calculated using the follow-
ing parameters: E= 0.9 eV, v′ = 1010s21, r9 = 103 and the heating
rateb = 1 K.s21. The computation stepDt = 1 s; one iteration.
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(ii) rectangular approximation

uk = uk−1 + jk−1 Dt (21)

(iii) trapezoidal approximation with derivative estimation

uk = uk−1 +
jk−1 − jk−2

2
Dt (22)

(iv) trapezoidal approximation

uk = uk−1 +
jk − jk−1

2
Dt (23)

For the first three methods (i–iii) the variable uk needs
to be corrected as follows:

u(2)
k = uk−1 +

j(1)
k − jk−1

2
Dt (24)

where jk(1) denotes the previously calculated intensity.
Using these methods the process of calculating jk and
then correcting uk may be repeated many times to
increase accuracy. Using the last method (iv) one needs
to calculate jk by solving a quadratic equation.

NUMERICAL CALCULATIONS

Each of the methods suggested (i–iv) turned out to be
very effective and convergent. However there are huge
differences in accuracy. The least effective is the
method (i) which requires some correcting iterations
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Figure 2. Illustration of the influence of the step of calculations
Dt on the accuracy of the computation of TL curve. The calcu-
lations were performed for the method (iv) using the same set
of parameters as for Figure 1 except the computation stepDt.

(see Figure 1 to give reasonable results. The best are
the two last methods (iii–iv) whose accuracy depends
only on the time intervalDt. The dependence for the
last method is illustrated in Figure 2. As can be seen in
the first two figures the calculation errors are mainly
accumulated in the descending part of the TL peak.
However, even for very high steps ofDt the correctness
of calculating TL intensity is excellent. When applied
to a fitting program it allows the use of high steps at
the beginning of the calculations and then, when a first
approximation is achieved,Dt may be decreased to get
the best accuracy. In each of the figures presented the
error was defined as (Jtheoretical2 Jfit)/Jmax.

To show the usefulness of the method proposed, a
fitting program was constructed based on Equation16.
Therefore, its range of applicability is limited to the case
of high concentrations of deep traps compared to the
initially trapped charge carriers, i.e.m0 À 1. The pro-
gram was applied to the analysis of numerically gener-
ated TL curves that were computed by solving the basic
set of differential equations (i.e. the simple model(7)).
The results are compared with classical analysis perfor-
med by using the GO kinetics model defined by Equ-
ation 2. In Table 1 four examples of the analysis are
presented. The generated curves were calculated using
common parameters: E= 0.9 eV, v= 1010 s21, r = 104,
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Figure 3. Application of GO model and QE approximation
(Equation 16) for fitting to a numerically generated TL curve.
The TL curve represented by open circles (s) was calculated
by solving the basic set of differential equations using the fol-
lowing parameters: E= 0.9 eV, v= 1010 s21, r = 104,
N = 1015 cm23, B = 10211 cm3.s21, m0 = 102 and h0 = 1.0. For

the fitted parameters see Table 1 (curve 2).
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N = 1015 cm23, B = 10211 cm3.s21. The first example
shown was calculated form0 = 11 andh0 = 0.9. In this
case the GO model does not describe the shape of the
curve correctly. Best fit was attained for the kinetic
order b= 0.93. The fitted energy is much lower than
expected, E= 0.52 eV. Using the simplified quasi-equi-
librium model (Equation 16) we get a reasonable
approximation, E= 0.87 eV. The second example also
presented in Figure 3 was calculated form0 = 100 and
the full initial filling of traps hO = 1.0. In this case the
GO model characterises the shape of the curve quite well
using a very low kinetic order b= 0.78: however, it esti-
mates the activation energy as low as E= 0.44 eV. Apply-
ing the new algorithm we get the correct value,
E = 0.90 eV. It should be noted that for low initial filling
ratiosh0 ¿ 1 the results obtained from GO and QE usu-
ally coincide. Such examples are presented in Table 1,
curves 3 and 4. In these cases the advantage of using the
QE model instead of the GO is that we get information
on the parameters v9 and r9 which have clear physical
meaning instead of information on the formal parameter b.

Table 1. The comparison of the parameters used for the calculation of TL glow curves using the simple model (input
parameters) with those fitted by the GO model and QE model (Equation 16). Other parameters common for all curves:

v = 1010 s21, r = 104, N = 1015 cm23, B = 10211 cm3.s21.

Input parameters GO fit (Equation 3) QE fit (Equation 18)

E (eV) m0 h0 r′ v′ E (eV) b E (eV) r9 v9

Curve 1 0.9 11 0.9 8.9 9.83107 0.52 0.93 0.87 8.0 5.33 107

Curve 2 (Fig. 3) 0.9 102 1.0 102 1010 0.44 0.78 0.90 96 9.23 109

Curve 3 0.9 103 0.1 0.11 1.13 108 0.88 1.02 0.90 0.11 1.13 108

Curve 4 0.9 104 0.01 0.01 108 0.90 1.00 0.90 0.01 1.03 108
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DISCUSSION

In this paper a method was presented of applying a
simplified version of the QE model to the analysis of
TL data in the case of high concentration of deep traps,
m0 À 1. It was shown that the algorithm is very efficient
and allows one to calculate TL curves with a high com-
puting step. Unlike the classical RW and GO models it
does not require calculation of the integral appearing in
the Equation 1, consequently it is very fast. The explicit
integration is replaced by one of the iteration methods
(Equations 20–23). The advantages of using the QE
model instead of GO kinetics are indisputable. First of
all one uses a physical model having all its parameters
clearly defined. Furthermore, its accuracy is much better
and is justified numerically(10). Although the fitting pro-
gram was constructed for the exemplary approximation
(Equation 16), one should note that the same methods
may be used for any other approximation derived from
(Equation 15) as well as for the basic QE equation itself.
However, in every case its effectiveness should be
tested numerically.


